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Abstract. — The goal of this paper is to study the action of groups on Zassenhaus and
lower central filtrations of finitely generated pro-p groups. We shall focus on the semisimple
case. Particular attention is given to finitely presented groups of cohomological dimension
less than or equal to two.

Introduction

Context. — Let G be a finitely generated pro-p group, and denote by A the ring Zp
or Fp. From A, we recover some filtrations on G. Introduce AlpA, Gq :“ lim

ÐÝ
ArG{U s,

where U is an open normal subgroup of G, the completed group algebra of G over A.
Since ArG{U s is an augmented algebra over A, then AlpA, Gq is also. Consequently, we
denote by AlnpA, Gq the n-th power of the augmentation ideal of AlpA, Gq. Define:

GnpAq :“ tg P G; g ´ 1 P AlnpA, Gqu,

this is a filtration of G.
Observe that tGnpFpqunPN denotes the Zassenhaus filtration of G (see for instance

[21]), and is an open characteristic basis of G. Similarly, under certain conditions (see
[16]), the filtration tGnpZpqunPN is equal to the lower central series of G, i.e. G1pZpq “ G
and Gn`1pZpq “ rGnpZpq;Gs. When the context is clear, we omit to write A for filtrations
(and future associated invariants). Our goal is to study the following Lie algebras:

L pA, Gq :“
à

nPN
LnpA, Gq, where LnpA, Gq :“ GnpAq{Gn`1pAq, and

E pA, Gq :“
à

nPN
EnpA, Gq, where EnpA, Gq :“ AlnpA, Gq{Aln`1pA, Gq.

We always assume that L pA, Gq is torsion-free over A. Notice that this condition
is automatically satisfied when A :“ Fp, contrary to the case A :“ Zp (see for instance
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[15, Theorem] and [14, Théorème 2]). Since G is finitely generated, one defines for every
integer n:

anpAq :“ rankALnpA, Gq, and cnpAq :“ rankAEnpA, Gq,

gochapA, tq :“
ÿ

nPN

cnt
n.

The series gochapFp, tq was first introduced by Golod and Shafarevich in [8]. It
allowed them to obtain information on class field towers over some fields (see for instance
[4, Chapter IX]). Later in 1965, Lazard studied analytic pro-p groups in [19], i.e. Lie
groups over Qp (see [19, Définition 3.1.2]). Labute [17], also used the series gochapZp, tq
in order to study mild groups and their related properties.

Jennings, Lazard and Labute gave an explicit relation between gocha and panqnPN
([19, Proposition 3.10, Appendice A], and [21, Lemma 2.10]):

(1)

gochapA, tq “
ź

nPN

P pA, tnq
anpAq,

where P pFp, tq :“
ˆ

1 ´ tp

1 ´ t

˙

, and P pZp, tq :“
ˆ

1

1 ´ t

˙

.

From Formula (1), Lazard deduced an alternative for the growth of pcnpFpqqnPN (for
general references, see [5, Part 12.3]), this is [19, Théorème 3.11, Appendice A.3]:

Theorem (Alternative des Gocha). — We have the following alternative:
‚ Either G is an analytic pro-p group, so there exists an integer n such that anpFpq “ 0

and the sequence pcnpFpqqnPN has polynomial growth with n.
‚ Or G is not an analytic pro-p group, then for every n P N, anpFpq ‰ 0, and the

sequence pcnpFpqqnPN does admit an exponential growth with n (i.e. grows faster
than any polynomial in n).

In 2016, Mináč, Rogelstad and Tân [21] improved Formula (1): they gave an explicit
relation between the sequences panqnPN and pcnqnPN. The main idea was to introduce the
coefficients bn P Q, namely defined by:

logpgochapA, tqq :“
ÿ

nPN

bnpAqtn.

They obtained the following formula ([21, Theorem 2.9 and Lemma 2.10]): if we write n “

mpk, with m coprime to p, then

(2)

anpFpq “ wmpFpq ` wmppFpq ` ¨ ¨ ¨ ` wmpkpFpq, anpZpq “ wnpZpq;

where wnpAq :“
1

n

ÿ

m|n

µpn{mqmbmpAq and µ is the Möbius function.

Notice that the number wnpFpq (resp. cnpZpq, anpZpq) is denoted by wnpGq

(resp. dnpGq, enpGq) in [21, Part 2]. Furthermore, Mináč, Rogelstad and Tân asked the
following question, [21, Question 2.13]:

Do we have cnpFpq :“ cnpZpq?

Theorem 3.5 answers this question positively when G is finitely presented
and cdpGq ď 2. To proceed, we compute pcnpAqqnPN by the Lyndon resolution (see
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[3, Corollay 5.3]), and as a consequence, we infer an explicit formula for anpAq us-
ing Formula (2). Weigel ([27, Theorem D]) also gave a different formula from (2),
involving anpZpq and roots of 1{gochapZp, tq.

Statement of main results. — The goal of this paper is to extend equations (1), (2)
and Gocha’s alternative in an equivariant context. We use here the terminology equiv-
ariant to stress the action of groups.

Let q be a prime dividing p´1, and assume that AutpGq contains a cyclic subgroup ∆
of order q. We denote by Irrp∆q the group of A-irreducible characters χ of ∆, with trivial
character 1: this is a group of order q which does not depend on the choice of A (for
general references on A-characters, see [24, Chapitre 14]). If M is a Ar∆s-module, one
defines the eigenspaces of M by:

M rχs :“ tx P M ; @δ P ∆, δpxq “ χpδqxu.

Notice that LnpA, Gq and EnpA, Gq are free, finitely generated over A and are Ar∆s-
modules. We study the following quantities:

aχnpAq :“ rankALnpA, Gqrχs, and cχnpAq :“ rankAEnpA, Gqrχs.

From Maschke’s Theorem and [24, Partie 14.4], we obtain the following equality:

anpAq “
ÿ

χPIrrp∆q

aχnpAq, and cnpAq “
ÿ

χPIrrp∆q

cχnpAq.

This article has three parts.

Part 1 is mostly inspired by arguments given in [21]. Denote by Rr∆s the finite
representation ring of ∆ over A. Observe that Rr∆s is a ring isomorphic to ZrIrrp∆qs,
consequently Rr∆s

Â

ZQ is a Q-algebra isomorphic to QrIrrp∆qs. Instead of considering
series with coefficients in Q, as Filip [6] and Stix [25] did, we study series with coefficients
in Rr∆s

Â

ZQ. Let us introduce:

gocha˚
pA, tq :“

ÿ

nPN

¨

˝

ÿ

χPIrrp∆q

cχnpAqχ

˛

‚tn.

We infer an equivariant version of the equality (1):

Theorem A. — The following equality holds for series with coefficients in Rr∆s:

gocha˚
pA, tq “

ź

nPN

ź

χPIrrp∆q

PχpA, tnq
aχnpAq,

where PχpFp, tq :“
1 ´ χ.tp

1 ´ χ.t
, and PχpZp, tq :“

1

1 ´ χ.t

As done in Part 2 [21], one introduces the logarithm of series with coefficients
in Rr∆s, defined by rationals bχnpAq P Q:

logpgocha˚
pA, tqq :“

ÿ

nPN

¨

˝

ÿ

χPIrrp∆q

bχnpAqχ

˛

‚tn.

Then, we obtain an equivariant version of Formula (2).
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Write n :“ mpk, with pm, pq “ 1, and assume pn, qq “ 1. Then:

(3)

aχnpFpq “ wχmpFpq ` wχmppFpq ` ¨ ¨ ¨ ` wχ
mpk

pFpq, and aχnpZpq “ wχnpZpq,

where wχnpAq :“
1

n

ÿ

m|n

µpn{mqmbχ
m{n

m pAq P Q.

Some results on the coefficients aχnpZpq were given by Filip [6] and Stix [25] for
groups defined by one quadratic relation.

In Part 2, we study cardinalities of eigenspaces of L pA, Gq. When L pA, Gq is
infinite dimensional (as a free module over A), we observe using the pigeonhole principle
that L pA, Gq admits at least one infinite dimensional eigenspace.

Main Question: Which eigenspaces of L pA, Gq are infinite dimensional?
For this purpose, we introduce χ0-filtration on AlpA, Gq, which depends on a fixed non-
trivial irreducible character χ0. It is denoted by pEχ0,npA, Gqqn, and described in Sub-
part 2.1. Furthermore, we assume that Eχ0,npA, Gq{Eχ0,n`1pA, Gq is torsion-free over A.
This condition is automatically satisfied when A “ Fp; and for A “ Zp, it is true whenever
G is free or in the situation of [14, Théorème 2]. This allows us to define gochaχ0pA, tq
by:

gochaχ0pA, tq :“
ÿ

nPN

cχ0,npAqtn,

where cχ0,npAq :“ rankApEχ0,npA, Gq{Eχ0,n`1pA, Gqq.

Part 3 illustrates our theoretical results for finitely presented pro-p groups G, with
cohomological dimension cdpGq less than or equal to 2.

Proposition 3.3 allows us to compute the gocha series ofG, and shows that the inverse
of the gocha series is a polynomial. Then Theorem 3.5 answers (and generalizes) [21,
Question 2.13], showing that gochapA, tq, gocha˚pA, tq and gochaχ0pA, tq do not depend
on the choice of the ring A. Finally, considering [27, Theorem D] in our context, one
recovers aχn from roots of the polynomial 1{gocha˚ (see Proposition 3.8).

Let us now introduce our last result. Since (Proposition 3.3) χeul,χ0ptq :“
1{gochaχ0ptq is a polynomial, we write the degree of χeul,χ0 as degχ0

pGq. Denote
the χ0-eigenvalues of G by λχ0,i, and let Lχ0pGq be the χ0-entropy of G defined by:

χeul,χ0ptq :“

degχ0 pGq
ź

i“1

p1 ´ λχ0,itq, Lχ0pGq :“ max
1ďiďdegχ0 pGq

|λχ0,i|.

Theorem B. — Assume for some χ0 that Lχ0pGq is reached for a unique eigenvalue λχ0,i

such that:
(i) λχ0,i is real,
(ii) Lχ0pGq “ λχ0,i ą 1.

Then every eigenspace of L pA, Gq is infinite dimensional.

We also prove in Theorem 3.12, that every finitely generated noncommutative free
pro-p group G satisfies the hypotheses of Theorem B. Let us finish this introduction with
explicit examples:
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Example 1 (Cohomological dimension 2). — Let us take p “ 103, q “ 17. Observe
that 8 P F103 is a primitive 17-th root of unity.
Consider the pro-103 group G, generated by three generators x, y, z and one relation u “

rx; ys. By [15, Theorem], the Zp-module L pZp, Gq is torsion-free. If we apply [7, Corol-
lary 5.3] and Proposition 3.3, we remark that cdpGq “ 2 and:

gochapA, tq :“ 1{p1 ´ 3t ` t2q.

Introduce an automorphism δ on G, by δpxq :“ x8, δpyq :“ y8
2 and δpzq :“ z8

3; Proposi-
tion 3.16 justifies that this action is well defined. Consequently ∆ :“ xδy is a subgroup of
order 17 of AutpGq. Fix the character χ0 : ∆ Ñ Fˆ

103; δ ÞÑ 8.
Applying Formula (3), let us compute some coefficients aχn and cχn.

Observe first that:

gocha˚
pA, tq :“

1

1 ´ pχ0 ` χ0
2 ` χ0

3q.t ` χ0
3.t2

, and

logpgocha˚
pA, tqq “ pχ0 ` χ0

2
` χ0

3
q.t ` pχ0

6
{2 ` χ0

5
`

3χ4
0

2
`
χ2
0

2
q.t2`

p
χ9
0

3
` χ0

8
` 2χ0

7
`

4χ6
0

3
` χ5

0 `
χ3
0

3
q.t3 ` . . . .

From Formula (2), we infer: a2 “ 2 and a3 “ 5. Furthermore Formula (3) gives us:

a
χi0
2 “

2b
χi0
2 ´ b

χ9i
0

1

2
, and a

χi0
3 “

3b
χi0
3 ´ b

χ6i
0

1

3
.

Consequently, we obtain:

‚ a
χ4
0

2 “ a
χ5
0

2 “ 1, else aχ
i
0

2 “ 0 when i ‰ 5.
‚ a

χ8
0

3 “ a
χ6
0

3 “ a
χ5
0

3 “ 1, and aχ
7
0

3 “ 2. Else if i R t5; 6; 7; 8u, aχ
i
0

3 “ 0.
Here, by [16, Theorem 1 and Part 3], the algebra Lχ0pG,Zpq is torsion-free over Zp.

We have:
gochaχ0pA, tq :“

1

1 ´ t ´ t2
,

and the maximal χ0-eigenvalue of G is real and strictly greater than 1.
Therefore by Theorem B, all eigenspaces of L pA, Gq are infinite dimensional.

Example 2 (FAB example). — Following arguments given by [9], we enrich the ex-
ample given in [11, Part 2.1], and obtain an example where G is FAB, i.e. every open
subgroup has finite abelianization (for more details, see Example 3.20, and for references
on FAB groups, see [17] and [20]).

Take p “ 3, and consider K :“ Qp
?

´163q. Then we define ∆ :“ GalpK{Qq “

Z{2Z, and fix χ0 the non-trivial irreducible character of ∆ over Fp. Consider the fol-
lowing set of places in Q: t7, 19, 13, 31, 337, 43u. The class group of K is trivial, the
primes 7, 19, 13, 31, 337 are inert in K, and the prime 43 totally splits in K.

Define S the primes above the previous set in K, and KS the maximal p-extension
unramified outside S. Then ∆ acts on G :“ GalpKS{Kq, which is FAB by Class Field
Theory.

We can show that the pro-p group G is mild, and Proposition 3.18 gives:

gocha˚
pFp, tq :“

1

1 ´ p6 ` χ0qt ` p6 ` χ0qt2
, and gochaχ0pFp, tq :“

1

1 ´ t ´ 5t2 ` 6t4
.
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Therefore by Theorem B, all eigenspaces of L pFp, Gq are infinite dimensional.

Notations. — We follow the notations and definitions of [1] and [19, Appendice A].
Let p be an odd prime, and G a finitely generated pro-p group with minimal pre-

sentation 1 Ñ R Ñ F Ñ G Ñ 1, and denote by A one of the rings Fp or Zp. Assume
that AutpGq contains a cyclic subgroup ∆ of order q, a prime factor of p ´ 1. By [10,
Lemma 2.15], we observe that ∆ lifts to a subgroup of AutpF q.

When the context is clear, we omit the A when denoting filtrations (and associated
invariants). Additionally, we always suppose that L pA, Gq is torsion-free over A.

Denote by AlpA, Gq the completed group algebra of G over A and observe that G
embeds naturally into AlpA, Gq.

For χ P Irrp∆q, we fix txχj u1ďjďdχ a lift in F of a basis of L1pA, Gqrχs, where
dχ :“ rankAL1pA, Gqrχs; by [24, Corollaire 3, Proposition 42, Chapitre 14], this ba-
sis does not depend on the choice of A. The Magnus isomorphism, from [19, Chapitre
II, Partie 3], gives us the following identification of A-algebras between AlpA, F q and the
noncommuative series over Xχ

j ’s with coefficients in A:

(4) ϕA : AlpA, F q » AxxXχ
j ;χ P Irrp∆q, 1 ď j ď dχyy; xχj ÞÑ Xχ

j ` 1

Define EpAq as the algebra AxxXχ
j ;χ P Irrp∆q, 1 ď j ď dχyy filtered by degpXχ

j q “ 1
and write tEnpAqunPN for its filtration. One introduces IpA, Rq the ideal of EpAq gener-
ated by tϕApr ´ 1q; r P Ru endowed with the induced filtration tInpA, Rq :“ IpA, Rq X

EnpAqunPN, and EpA, Gq the quotient filtered algebra EpAq{IpA, Rq, with induced filtra-
tion tEnpA, GqunPN.

We call M :“
À

nPNMn a graded locally finite (Ar∆s-)module, if Mn is a finite
dimensional (Ar∆s)-module for every integer n; and denote its Hilbert series by:

Mptq :“
ÿ

nPN

prankAMnqtn.

We make the following convention; we say thatM is an A-Lie algebra ifM is a graded
locally finite Lie algebra over A, and when A :“ Fp we assume in addition that M is a
restricted p-Lie algebra. Recall the following graded locally finite Ar∆s-module and A-Lie
algebra, defined at the beginning:

E pAq :“
à

nPN
EnpAq, where EnpAq :“ EnpAq{En`1pAq,

L pA, Gq :“
à

nPN
LnpA, Gq, and E pA, Gq :“

à

nPN
EnpA, Gq.

If P :“
ř

nPN pnt
n and Q :“

ř

nPN qnt
n are two series with real coefficients, we say

that : P ď Q ðñ @n P N, pn ď qn. We denote by µ the Möbius function.

1. An equivariant version of Mináč-Rogelstad-Tân’s results

Recall:

gocha˚
pA, tq :“

ÿ

nPN

¨

˝

ÿ

χPIrrp∆q

cχnχ

˛

‚tn P Rr∆srrtss,
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where Rr∆s denotes the finite representation ring of ∆ (over A).

1.1. Equivariant Hilbert series. — The aim of this subpart is to prove the following
formula:

(5)

gocha˚
pA, tq “

ź

nPN

ź

χPIrrp∆q

PχpA, tnq
aχn ,

where PχpFp, tq :“
1 ´ χ.tp

1 ´ χ.t
, and PχpZp, tq :“

1

1 ´ χ.t
.

This is Theorem A defined in our introduction.

Definition 1.1. — Let M :“
À

nPNMn be an A-Lie algebra, graded locally finite Ar∆s-
module, with basis txn,1; . . . ;xn,mnunPN, where mn :“ rankAMn. We define:

‚ the graded locally finite module with basis given by words on txn,junPN;jPrr1;mnss by:

ŨpMq :“
à

nPN
ŨpMqn,

moreover, when A :“ Fp, we also assume that the p-restricted operation is compat-
ible with the multiplicative structure of ŨpMq;

‚ the equivariant Hilbert series of M with coefficient in Rr∆s by:

M˚
ptq :“

ÿ

nPN

¨

˝

ÿ

χPIrrp∆q

mχ
nχ

˛

‚tn

where mχ
n :“ rankAMnrχs for every integer n.

Remark 1.2. — Since the action of ∆ over a graded locally finite module is semi-simple,
it always preserves the grading. Consequently, ifM is a graded locally finite Ar∆s-module,
then the graded locally finite module ŨpMq is also endowed with a natural structure of
graded locally finite Ar∆s-module.

We give a well-known result on Lie algebras, telling us that Ũ is a universal enveloping
algebra of M .

Theorem 1.3 (Poincaré-Birkhoff-Witt). — Let M be a graded locally finite Ar∆s-
module and A-Lie algebra. Then ŨpMq is a graded locally finite Ar∆s-module, univer-
sal A-Lie algebra of M .

Proof. — When A :“ Zp, see for instance [17, Theorem 2.1].
When A :“ Fp, see for instance [5, Proposition 12.4].

Corollary 1.4. — The set E pA, Gq is a graded locally finite, A-universal Lie algebra
of L pA, Gq. Consequently E pA, Gq is torsion-free.

Proof. — Let us first prove that E pA, Gq is a graded locally finite, A-universal Lie algebra
of L pA, Gq. By Theorem 1.3, we only need to show that ŨpL pA, Gqq » E pA, Gq.

For A :“ Fp, see [19, Appendice A, Théorème 2.6].
For A :“ Zp, the proof of [12, Theorem 1.3] carries to the case EpZp, Gq with minor

alterations. We consider Zp and Qp rather than Z and Q. Furthermore, we conclude
using the fact that G is finitely generated, so GradpEpZp, Gqq “ E pZp, Gq is isomorphic
to GradpZprGsq, where ZprGs is filtered by power of the augmentation ideal over Zp.
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Remark 1.5. — Notice that E pA, Gq is also isomorphic to ŨpL pA, Gqq as an Ar∆s-
module. Therefore, we have:

ŨpL pA, Gqq
˚
ptq :“ gocha˚

pA, tq.

Before proving Formula 5, we need the following result:

Lemma 1.6. — Let M be a graded locally finite Ar∆s-module and A-Lie algebra, then:

ŨpMq
˚
ptq “

ź

nPN

ź

χPIrrp∆q

PχpA, tnq
mχn ,

where PχpFp, tq :“
1 ´ χ.tp

1 ´ χ.t
, and PχpZp, tq :“

1

1 ´ χ.t
.

Proof. — Let us first prove the case A :“ Fp.
We are inspired by the proof of [5, Corollary 12.13]. Observe that if M and N are

graded locally finite Fpr∆s-modules, then M
Â

Fp N is also a graded locally finite Fpr∆s-
module; moreover pM

Â

Fp Nq˚ptq :“ M˚ptqN˚ptq, and ŨpM
À

Nq “ ŨpMq
Â

Fp ŨpNq.
So assume that :

M˚
ptq :“

ÿ

n

mnχ0.t
n, for some fixed and non-trivial χ0 P Irrp∆q.

Consider Xn :“ txn,1, . . . , xn,mnu, an Fpr∆s-basis of Mn, where each xn,j is of degree n.
Then a graded locally finite Fpr∆s-basis of M is given by the (disjoint) union of all Xn’s.
Denote by

ŨpMq
˚
ptq :“

ÿ

rPN

¨

˝

ÿ

χPIrrp∆q

uχrχ

˛

‚tr, where uχr :“ dimFp ŨpMqrrχs.

We need to compute uχ
i
0
r , where i P Z{qZ: this is the number of products of the form
r

ź

n“1

mn
ź

j“1

pxn,jχ0q
mn,j , where 0 ď mn,j ď p ´ 1,

such that
r

ÿ

n“1

mn
ÿ

j“1

nmn,j “ r and
r

ÿ

n“1

mn
ÿ

j“1

mn,j ” i pmod qq.

Notice that the coefficient before tr of the polynomial
r

ź

n“1

r1 ` χ0t
n

` ¨ ¨ ¨ ` χp´1
0 tpp´1qn

s
mn

is
r

ÿ

n“1

˜

mn
ÿ

j“1

χ0
mn,j

¸

tr, where 0 ď mn,j ď p ´ 1, and
r

ÿ

n“1

mn
ÿ

j“1

nmn,j “ r.

Consequently the coefficient before χi0tr is exactly uχ
i
0
r .

Let us now prove the case A :“ Zp.
By the Poincaré-Birkhoff-Witt Theorem, the set ŨpMq is the symmetric Lie algebra
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over M . Similarly to the previous case, we just need to study the case where there exists
a unique χ0 such that M˚ptq :“

ř

nmnχ0.t
n. We get:

ŨpMq
˚
ptq “

ź

n

ˆ

1

1 ´ χ0.t

˙mχn

.

One deduces the general case.

Proof of Formula (5). — We apply Lemma 1.6 and Corollary 1.4 to obtain:

gocha˚
pA, tq “

ź

nPN

ź

χPIrrp∆q

PχpA, tnq
aχn ,

where PχpFp, tq :“
1 ´ χ.tp

1 ´ χ.t
, and PχpZp, tq :“

1

1 ´ χ.t

1.2. Proof of Formula (3). — The aim of this part is to prove the following Propo-
sition:

Proposition 1.7. — Write n “ mpk with pm, pq “ 1 and pn, qq “ 1, then:

aχnpFpq “ wχmpFpq ` wχmppFpq ` ¨ ¨ ¨ ` wχ
mpk

pFpq, and aχnpZpq “ wχnpZpq;

where wχn :“
1

n

ÿ

m|n

µpn{mqmbχ
m{n

m P Q.

This is Formula (3) given in our introduction.
The strategy of the proof is to transform the product formula given by (5), into a

sum in pRr∆s bZ Qqrrtss.

Definition 1.8 (log function). — If P P 1 ` tRr∆srrtss, we define:

logpP qptq :“ ´
ÿ

n

p1 ´ P ptqqn

n
P pRr∆s bZ Qqrrtss.

Remark 1.9. — Note that the log function enjoys the following properties:
(i) If P and Q are in 1 ` tRr∆srrtss, then:

logpPQq “ logpP q ` logpQq, and

logp1{P q “ ´logpP q.

(ii) If u is in tRr∆srrtss, then

log

ˆ

1

1 ´ u

˙

“

8
ÿ

ν“1

uν

ν
.

Define the sequence pbχnpAqqnPN P QN by:

logpgocha˚
pA, tqq “

ÿ

ně1

¨

˝

ÿ

χPIrrp∆q

bχnpAqχ

˛

‚tn.

9



Proposition 1.10. — If pn, qq “ 1, we infer:

bχ
n

n pFpq :“
1

n

¨

˝

ÿ

m|n

maχ
m

m pFpq ´
ÿ

rp|n

rpaχ
r

r pFpq

˛

‚, and bχ
n

n pZpq :“
1

n

ÿ

m|n

maχ
m

m pZpq.

Proof. — Let us just prove the case A :“ Fp (the case A :“ Zp is similar).
First, Formula (5) gives us:

gocha˚
pFp, tq “

ź

nPN

ź

χPIrrp∆q

ˆ

1 ´ χ.tnp

1 ´ χ.tn

˙aχn

.

Let us take the logarithm to obtain:

logpgocha˚
pFp, tqq “

ÿ

n

ÿ

χPIrrp∆q

aχn rlogp1 ´ pχ.tnq
p
q ´ logp1 ´ χ.tnqs ,

so that

ÿ

nPN

¨

˝

ÿ

χPIrrp∆q

bχnχ

˛

‚tn “

8
ÿ

w“1

ÿ

χPIrrp∆q

aχw

˜

8
ÿ

ν“1

pχ.twqν

ν
´

8
ÿ

r“1

pχ.twqrp

r

¸

,

from which we conclude

8
ÿ

n“1

n

¨

˝

ÿ

χPIrrp∆q

bχnχ

˛

‚tn “

8
ÿ

n“1

¨

˝

ÿ

χPIrrp∆q

p
ÿ

m|n

maχmχ
n{m

´
ÿ

rp|n

rpaχrχ
n{r

q

˛

‚tn.

Then we infer:
nbχ

n

n “
ÿ

m|n

maχ
m

m ´
ÿ

rp|n

rpaχ
r

r .

Proof of Proposition 1.7. — Again, we just prove the case A :“ Fp.
We are inspired by the proof of [21, Theorem 2.9].
First, we assume pn, pq “ 1, then by Proposition 1.10, we obtain:

nbχ
n

n “
ÿ

m|n

maχ
m

m .

So, using the Möbius inversion Formula, we obtain:

aχ
n

n “ wχ
n

n , thus aχn “ wχn.

Now, let us assume p divides n. We show by induction on n that:

(˚) aχ
n

n “ aχ
n{p

n{p ` wχ
n

n

‚ If n “ p, then by Proposition 1.10, we have: pbχpp “ paχ
p

p ` aχ1 ´ paχ1 . So,

pwχ
p

p “ pbχ
p

p ´ bχ1 “ paχ
p

p ´ paχ1 .

Therefore, aχpp “ aχ1 ` wχ
p

p .

10



‚ Let us fix n, an integer such that p|n, and assume equation (˚) is true for all m such
that m ‰ n and p|m|n. Then, following Proposition 1.10, we have:

nbχ
n

n “
ÿ

m|n

maχ
m

m ´
ÿ

rp|n

rpaχ
r

r

“
ÿ

m|n;pm,pq“1

maχ
m

m `
ÿ

p|m|n

m
´

aχ
m

m ´ aχ
m{p

m{p

¯

“
ÿ

m|n;pm,pq“1

mwχ
m

m `
ÿ

p|m|n;m‰n

mwχ
m

m ` n
´

aχ
n

n ´ aχ
n{p

n{p

¯

“
ÿ

m|n;m‰n

mwχ
m

m ` n
´

aχ
n

n ´ aχ
n{p

n{p

¯

.

Moreover, by the Möbius inversion formula, we have:

nbχ
n

n “
ÿ

m|n

mwχ
m

m .

Therefore, we obtain:

nwχ
n

n “ n
´

aχ
n

n ´ aχ
n{p

n{p

¯

.

Remark 1.11. — Formula (3) was already given for groups defined by one quadratic
relation by Filip [6, Formula p4.7q] (for C-representations in a geometrical context) and by
Stix [25, Formula p14.16q] (in a Galois-theoretical context). Additionally, they computed
explicitely the coefficients bχnpZpq. We discuss this analogy in Theorem 3.8.

Remark 1.12. — Let us reformulate [21, Question 2.13], asked by Mináč-Rogelstad-
Tân, in our equivariant context:

Do we have for every integer n and every irreducible character χ, the equal-
ity cχnpZpq “ cχnpFpq?
Later in this paper, we give a positive answer to this question, when G is finitely

presented and cdpGq ď 2 (see Theorem 3.5).

2. Infinite dimensional eigenspaces of L pA, Gq

The goal of this part is to study infinite dimensional eigenspaces (as a free A-module)
of

L pA, Gq :“
à

nPN
LnpA, Gq, where LnpA, Gq :“ GnpAq{Gn`1pAq.

For this purpose, we introduce χ0-filtrations.

2.1. Definition of χ0-filtrations. — From now on, we make no distinction be-
tween Z{qZ and the set rr1; qss. Observe the following isomorphism of groups, which
depends on the choice of a fixed non-trivial irreducible character χ0:

ψχ0 : pIrrp∆q;bq Ñ pZ{qZ;`q; χi0 ÞÑ i.

11



Recall that ϕA denotes the Magnus’ isomorphism introduced in (4). We define Eχ0pAq

as the A-algebra AxxXχ
j ;χ P Irrp∆q, 1 ď j ď dχyy filtered by degpXχ

j q “ ψχ0pχq,
and tEχ0,npAqunPN as its filtration: called the χ0-filtration of AlpA, F q. We introduce

Eχ0pAq :“
à

nPN
Eχ0,npAq, where Eχ0,npAq :“ Eχ0,npAq{Eχ0,n`1pAq.

Write Iχ0pA, Rq for the two-sided ideal generated by tϕApr´1q; r P Ru Ă Eχ0pAq, endowed
with filtration tIχ0,npA, Rq :“ Iχ0pA, Rq X Eχ0,npAqunPN; and Eχ0pA, Gq the quotient fil-
tered algebra Eχ0pAq{Iχ0pA, Rq.
Define the following A-module:

Eχ0pA, Gq :“
à

nPN
Eχ0,npA, Gq, where Eχ0,npA, Gq :“ Eχ0,npA, Gq{Eχ0,n`1pA, Gq.

Introduce:
Gχ0,npAq :“ tg P G;ϕApg ´ 1q P Eχ0,npA, Gqu, and

Lχ0pA, Gq :“
à

nPN
Lχ0,npA, Gq, where Lχ0,npA, Gq :“ Gχ0,npAq{Gχ0,n`1pAq.

We always assume that the A-Lie algebra Lχ0pA, Gq is torsion-free over A.

Lemma 2.1. — The set Eχ0pA, Gq is a graded locally finite, A-universal Lie algebra
of Lχ0pA, Gq. Consequently, the graded A-Lie algebra Eχ0pA, Gq is torsion-free.

Proof. — This is similar to the proof of Corollary 1.4.

Since G is finitely generated, we define:

gochaχ0pA, tq :“
ÿ

n

cχ0,npAqtn, where cχ0,npAq :“ rankAEχ0,npA, Gq,

and aχ0,npAq :“ rankApGχ0,npAq{Gχ0,n`1pAqq.

2.2. Properties of χ0-filtrations. — This subpart aims to develop various properties
of χ0-filtations.

Lemma 2.2. — The modules Eχ0pA, Gq and Lχ0pA, Gq are graded locally finite Ar∆s-
modules. More precisely, we have:

rankAEχ0,npA, Gqrχs “cχ0,npAqδ
ψχ0 pχq
n ,

rankALχ0,npA, Gqrχs “aχ0,npAqδ
ψχ0 pχq
n ,

where δ
ψχ0 pχq
n “ 1 if n ” ψχ0pχq pmod qq, otherwise δ

ψχ0 pχq
n “ 0.

Proof. — Let us denote by Iχ0,npA, Rq :“ Iχ0,npA, Rq{Iχ0,n`1pA, Rq. Remind by [10,
Lemma 2.15], that ∆ Ă AutpF q and ∆pRq “ R. So Eχ0pAq is a graded locally finite Ar∆s-
module, and Iχ0,npA, Rq is stable by ∆. By [19, Chapitre I, Résultat 2.3.8.2], we have
the following exact sequence:

0 Ñ Iχ0,npA, Rq Ñ Eχ0,npAq Ñ Eχ0,npA, Gq Ñ 0.

Then Eχ0pA, Gq and Lχ0pA, Gq are graded locally finite Ar∆s-modules. Let us now study
more precisely the Ar∆s-module structure of Eχ0pA, Gq and Lχ0pA, Gq.

12



For the structure of Eχ0pA, Gq: take u P Eχ0,npAq and write u :“ X
χ
i1
0

j1
. . . X

χiu0
ju
,

with i1 ` ¨ ¨ ¨ ` iu “ n. Therefore, for every δ P ∆, δpuq “ χn0 pδqu. Then, we infer for
every χ:

(˚˚) rankAEχ0,npAqrχs “ rankAEχ0,npAqδ
ψχ0 pχq
n .

Since rankAEχ0,npAqrχs ě rankAEχ0,npA, Gqrχs, we conclude by Equation (˚˚) that:

rankAEχ0,npA, Gqrχs “ cχ0,nδ
ψχ0 pχq
n .

For the structure of Lχ0pA, Gq: note by Lemma 2.1 that Eχ0pA, Gq is a graded locally
finite Ar∆s-module, universal A-Lie algebra of Lχ0pA, Gq. Hence for every χ, and every n:

rankAEχ0,npA, Gqrχs ě rankALχ0,npA, Gqrχs.

This allows us to conclude for every χ:

rankALχ0,npA, Gqrχs “ aχ0,nδ
ψχ0 pχq
n .

Now, let us compare pcχ0,nqnPN, paχ0,nqnPN, pcχnqnPN and paχnqnPN.

Proposition 2.3. — The following inequalities hold:

(6) cχ0,qn`i ď

qn`i
ÿ

j“n

c
χi0
j , aχ0,qn`i ď

qn`i
ÿ

j“n

a
χi0
j ,

(7) cχn ď

tn´ψχ0 pχq{qu
ÿ

k“r
n´ψχ0 pχq

q
s

cχ0,qk`ψχ0 pχq, aχn ď

tn´ψχ0 pχq{qu
ÿ

k“r
n´ψχ0 pχq

q
s

aχ0,qk`ψχ0 pχq.

Proof. — Observe first that the A-Lie algebras Lχ0pA, Gq, L pA, Gq, Eχ0pA, Gq

and E pA, Gq are generated by tXχ
j u. We only check inequalities involving cn (proof of

inequalities involving an are simlar).
Let us prove inequalities (6).

Take u in Eχ0,qn`ipA, Gq. Since u is a sum of monomials ul in Eχ0,qn`ipA, Gq, we can assume

that u is a monomial. So, let us write u “ X
χ
i1
0

j1
. . . X

χ
iru
0

jru
, where i1 ` ¨ ¨ ¨ ` iru “ qn ` i.

Consequently for every δ P ∆,

δpuq “ χ0
i1pδqX

χ
i1
0

j1
. . . χ0

iru pδqX
χ
iru
0

jru
thus

δpuq “ χ0
i1`¨¨¨`iru pδqX

χ
i1
0

j1
. . . X

χ
iru
0

jru
“ χi0pδqu.

Therefore u P ErupA, Gqrχi0s. To conclude, we need to estimate ru.
‚ If il “ 1 for all l, then ru “ qn ` i.
‚ If il “ q for all l, then qru “ qn ` i. Therefore, ru ě n.

In any case:
n ď ru ď qn ` i.

Let us now prove inequalities (7).
Take u P EnpA, Gqrχs. Since u is a sum of monomials, we can again assume that u is

a monomial. Then by Lemma (2.2), we write u “ X
χ
i1
0

j1
. . . X

χin0
jn

, with i1 ` ¨ ¨ ¨ ` in “

kq ` ψχ0pχq for some k. Let us see which values can take k:

13



‚ if each il “ 1, one obtains kq ` ψχ0pχq “ n, and so k ě r
n´ψχ0 pχq

q
s,

‚ if each il “ q, one obtains qn “ kq ` ψχ0pχq, and so k ď t
qn´ψχ0 pχq

q
u.

In any case:

r
n ´ ψχ0pχq

q
s ď k ď tn ´ ψχ0pχq{qu.

Remark 2.4. — Proposition 2.3 was also given and proved by Anick: Proof of [2, The-
orem 3].

2.3. Some results on the series logpgochaχ0pA, tqq. — In this subpart, we obtain
information on paχ0,npAqqnPN. For this purpose, we study the sequence pbχ0,npAqqnPN
namely defined by:

logpgochaχ0pA, tqq :“
ÿ

nPN

bχ0,nt
n.

Theorem 2.5. — The following equality holds in Nrrtss:

gochaχ0pA, tq “
ź

n

P pA, tnq
aχ0,n ,

where P pFp, tq :“
1 ´ tp

1 ´ t
, and P pZp, tq :“

1

1 ´ t
.

Proof. — By Lemma 2.1, Eχ0pA, Gq is a graded locally finite, A-universal Lie algebra
of Lχ0pA, Gq. [22, Corollary 2.2] allows us to conclude the case A :“ Fp, and [17,
Proposition 2.5] allows us to conclude the case A :“ Zp.

Corollary 2.6. — Let us write n “ mpk, with pm, pq “ 1, then:

aχ0,npFpq “

k
ÿ

r“1

wχ0,mprpFpq, and aχ0,npZpq “ wχ0,npZpq;

where wχ0,n :“
1

n

ÿ

m|n

µpn{mqbχ0,m.

Proof. — This proof is similar to the proof of [21, Theorem 2.9].

Corollary 2.7. — The following assertions hold:
(i) If χ is a non-trivial irreducible character, and there exists an infinite family of

primes qi ” ψχ0pχq pmod qq such that

bχ0,qi ą bχ0,1,

then L pA, Gqrχs is infinite dimensional.
(ii) If there exists an infinite family of primes plmqm such that:

bχ0,qlm ě qbχ0,q ` lmbχ0,lm ,

then L pA, Gqr1s is infinite dimensional.

Proof. — This is a consequence of Corollary 2.6.

Theorem 2.8. — Assume there exist α ą 1 and a constant C ‰ 0 such that bχ0,n „
nÑ8

Cαn{n. Then every eigenspace of L pA, Gq is infinite dimensional.

14



Proof. — By Corollary 2.7, we have:
aχ0,qi “ bχ0,qi ´ bχ0,1{qi, and

aχ0,qlm “ bχ0,qlm ´ qbχ0,q ´ lmbχ0,lm .

Since, bχ0,n „
nÑ8

Cαn{n, we can find families of primes tqiui and tlmum where qi and lm
are sufficiently big, such that: aχ0,qi ą 0, and aχ0,qlm ą 0. Therefore by inequalities (6),
we extract an infinite subsequence of paχnqn which is strictly positive.

3. Examples

Recall that 1 Ñ R Ñ F Ñ G Ñ 1 denotes a minimal presentation of G, and by [10,
Lemma 2.15], the group ∆ lifts to a subgroup of AutpF q. Keep in mind that L pA, Gq

and Lχ0pA, Gq are assumed to be torsion-free over A. Additionally here, G is assumed
finitely presented, with cohomological dimension less than or equal to 2.

Consider the following Ar∆s-modules:

RpFpq :“ R{Rp
rR;F s, and RpZpq :“ R{rR;F s.

Choose χ0 a non-trivial element of Irrp∆q. For every χ P Irrp∆q, we fix tlχj u1ďjďrχ ,
where rχ :“ rankARpAq, a lifting in F of a basis of RpAqrχs. By [24, Corollaire 3,
Proposition 42, Chapitre 14], these liftings do not depend on A.

Recall that we defined, using the Magnus isomorphism ϕA given by (4), the filtered
algebras EpA, Gq (in Notations) and Eχ0pA, Gq (in Subpart 2.1).
Name nχj (resp. nχχ0,j

) the least integer n such that ϕAplχj ´ 1q is in EnpAqzEn`1pAq

(resp. Eχ0,npAqzEχ0,n`1pAq): this is the degree of lχj in EpAq (resp. Eχ0pAq). We show in
Lemma 3.4 that these degrees do not depend on A. Set the series:

χeulpA, tq :“ 1 ´ dt `
ÿ

χ;1ďjďrχ

tn
χ
j ,

χ˚
eulpA, tq :“ 1 ´

ÿ

χ

dχχ.t `
ÿ

χ;1ďjďrχ

χ.tn
χ
j ,

χeul,χ0pA, tq :“ 1 ´
ÿ

χ

dχtψχ0 pχq
`

ÿ

χ;1ďjďrχ

tn
χ
χ0,j .

3.1. Generalities. — We give some generalities on groups of cohomological dimension
less than or equal to 2.

3.1.1. Computation of some gocha series. — Let us first recall the Lyndon’s resolution,
which allows us to compute gocha series as inverses of polynomials of the form χeul. A
general reference is the article of Brumer [3].

Theorem 3.1. — There exists a filtered EpA, Gq-module MpAq, such that we have the
following exact sequence of filtered EpA, Gq-modules:

0 Ñ MpAq Ñ
à

χ;1ďjďrχ
pϕAplχj ´ 1qqEpA, Gq Ñ

à

χ;1ďjďdχ

pϕApxχj ´ 1qqEpA, Gq Ñ EpA, Gq Ñ A Ñ 0.

And the cohomological dimension of G is less than or equal to two if and only if MpAq “ 0.
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There exists a filtered Eχ0pA, Gq-module Mχ0pAq, such that we have the following
exact sequence of filtered Eχ0pA, Gq-modules:

0 Ñ Mχ0pAq Ñ
à

χ;1ďjďrχ
pϕAplχj ´ 1qqEχ0pA, Gq Ñ

à

χ;1ďjďdχ

pϕApxχj ´ 1qqEχ0pA, Gq Ñ Eχ0pA, Gq Ñ A Ñ 0.

And the cohomological dimension of G is less than or equal to two if and only if Mχ0pAq “

0.

Remark 3.2. — Theorem 3.1 is true for every filtration over AlpA, Gq.

Proof. — Let us define the following A-modules:

KpFpq :“ R{Rp
rR;Rs, and KpZpq :“ R{rR;Rs.

Notice that AlpA, Gq acts on KpAq via conjugation (see [13, Part 7.3]).
By [3, Sequence p5.2.2q], we have the following sequence of AlpA, Gq-pseudocompact-

modules:
0 Ñ KpAq Ñ

à

χ,j

ϕApxχj ´ 1qAlpA, Gq Ñ AlpA, Gq Ñ A Ñ 0.

By [13, Theorem 7.7], there exists a AlpA, Gq-pseudocompact-module K 1pAq such that
we have the exact sequence:

0 Ñ K 1
pAq Ñ

à

χ,j

ϕAplχj ´ 1qAlpA, Gq Ñ KpAq Ñ 0.

Furthermore cdpGq ď 2 if and only if K 1pAq “ 0. Therefore, we obtain the following
resolutions:

0 Ñ MpAq Ñ
à

χ;1ďjďrχ
pϕAplχj ´ 1qqEpA, Gq Ñ

à

χ;1ďjďdχ

pϕApxχj ´ 1qqEpA, Gq Ñ EpA, Gq Ñ A Ñ 0,

where MpAq is the set K 1pAq endowed with its structure of filtered EpA, Gq-module, and

0 Ñ Mχ0pAq Ñ
à

χ;1ďjďrχ
pϕAplχj ´ 1qqEχ0pA, Gq Ñ

à

χ;1ďjďdχ

pϕApxχj ´ 1qqEχ0pA, Gq Ñ Eχ0pA, Gq Ñ A Ñ 0,

where Mχ0pAq is the set K 1pAq endowed with its structure of filtered Eχ0pA, Gq-module.
Finally, cdpGq ď 2 ðñ K 1pAq “ 0 ðñ MpAq “ 0 ðñ Mχ0pAq “ 0.

Let us now compute gocha series:

Proposition 3.3. — We have the following equivalences:

cdpGq ď 2 ðñ gochapA, tq “
1

χeulpA, tq
ðñ

gocha˚
pA, tq “

1

χ˚
eulpA, tq

ðñ gochaχ0pA, tq “
1

χeul,χ0pA, tq
.
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Proof. — One denotes by ρχj (resp. ρχχ0,j
) the image of ϕAplχj ´1q in Enχj pAq (resp. Enχχ0,jpAq).

By [19, Chapitre I, Formule 2.3.8.2], the functor Grad is exact, then we apply [19,
Chapitre II, Proposition 3.1.3] and Theorem 3.1, to obtain the following exact sequences
of graded locally finite modules:

(‹) 0 Ñ GradpMpAqq Ñ
à

χ;j

ρχj E pA, Gq Ñ

à

χ;j

Xχ
j E pA, Gq Ñ E pA, Gq Ñ A Ñ 0,

(‹‹) 0 Ñ GradpMχ0pAqq Ñ
à

χ;j

ρχχ0,j
Eχ0pA, Gq Ñ

à

χ;j

Xχ
j Eχ0pA, Gq Ñ Eχ0pA, Gq Ñ A Ñ 0.

From Theorem 3.1 and sequence (‹), we infer:

cdpGq ď 2 ðñ MpAq “ 0 ðñ GradpMpAqq “ 0 ðñ gochapA, tq “
1

χeulpA, tq
.

Moreover Theorem 3.1 and sequence (‹‹) give us:

(8) cdpGq ď 2 ðñ Mχ0pAq “ 0 ðñ GradpMχ0pAqq “ 0

ðñ gochaχ0pA, tq “
1

χeul,χ0pA, tq
.

From the choice of the families txχj u and tρχj u, we infer that the sequence (‹) is exact
in the category of graded locally finite Ar∆s-modules. This allows us to conclude:

cdpGq ď 2 ðñ gocha˚
pA, tq “

1

χ˚
eulpA, tq

.

3.1.2. Answer to [21, Question 2.13]. — Extending and reformulating [21, Ques-
tion 2.13] in our equivariant context, when G is finitely presented and cdpGq ď 2, we
show in this Subsubpart that:

The series gochapA, tq, gocha˚pA, tq and gochaχ0pA, tq do not depend on the
ring A?

Lemma 3.4. — Assume that L pZp, Gq is torsion-free. Then, for every j and every χ,
the integers nχj pAq do not depend on A. Similarly, if Lχ0pZp, Gq is torsion-free, then the
integers nχχ0,j

pAq do not depend on A

Proof. — Let us prove that nχj does not depend on A. Recall that nχj pFpq (resp. nχj pZpq)
is the degree of lχj in EpFpq (resp. EpZpq), and ρχj pFpq (resp. ρχj pZpq) denotes the image
of ϕFppl

χ
j ´ 1q in Enχj pFpq (resp. ϕZppl

χ
j ´ 1q in Enχj pZpq). Notice that we have a filtered

surjection:

EpZpq
pmod pq
Ñ EpFpq, with kernel pEpZpq.

Since the choice of the family tlχj uj,χ does not depend on A, we infer that ϕZppl
χ
j ´ 1q ”

ϕFppl
χ
j ´ 1q pmod pq. Therefore, nχj pZpq ď nχj pFpq.
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To show that nχj pZpq “ nχj pFpq, it is sufficient to show that for every integer j, and
character χ, we have ρχj pZpq not in pE pZpq.

From [7, Proposition 4.3], we infer the following isomorphism of EpZp, Gq-modules:

KpZpq :“ R{rR;Rs » IpZp, Rq{E1pZpqIpZp, Rq.

Since, G is of cohomological dimension 2, by [13, Theorem 7.7], we have

KpZpq »
ź

j,χ

ϕZppl
χ
j ´ 1qEpZp, Gq.

Introduce

InpZp, Rq :“ InpZp, Rq{In`1pZp, Rq, and I pZp, Rq :“
à

nPN
InpZp, Rq.

Then, we observe that

GradpE1pZpqIpZp, Rqq “ Gradp
ź

i,χ

Xχ
i EpZpqIpZp, Rqq “

à

i,χ

GradpXχ
i IpZp, Rqq

“
à

i,χ

Xχ
i I pZp, Rq “ E1pZpqI pZp, Rq.

Consequently

GradpKpZpqq »
à

j,χ

ρχj pZpqE pZp, Gq » I pZp, Rq{E1pZpqI pZp, Rq.

Assume now, by contradiction, that there exists one integer j0 and one character χ0

such that ρχ0

j0
pZpq is in pE pZpq, then there exists u P E pZpq such that ρχ0

j0
:“ pu. Moreover,

since E pZp, Gq is torsion-free, we deduce that u is in I pZp, Rq. Therefore, there exist
elements gχj in E pZp, Gq such that u ”

ř

j,χ g
χ
j ρ

χ
j pmod E1pZpqI pZp, Rqq. Consequently:

ρχ0

j0
:“ pu ”

ÿ

j,χ

pgχj ρ
χ
j pmod E1pZpqI pZp, Rqq.

Since the family ρχj is a basis of the free E pZp, Gq-module I pZp, Rq{E1pZpqI pZp, Rq,
we infer pgχ0

j0
“ 1. This is impossible since p is not invertible in E pZp, Gq.

Theorem 3.5. — Assume that L pZp, Gq is torsion-free, then :

gochapZp, tq “ gochapFp, tq, and gocha˚
pZp, tq “ gocha˚

pFp, tq.

Furthermore, if Lχ0pZp, Gq is torsion-free, then

gochaχ0pZp, tq “ gochaχ0pFp, tq.

Proof. — We apply Proposition 3.3 and Lemma 3.4.

Remark 3.6. — If we remove the hypothesis that AutpGq contains a subgroup ∆ of
order q, then we still have:

gochapZp, tq “ gochapFp, tq.

A criterion to obtain finitely presented groups of cohomological dimension less than or
equal to 2 is given by [17] when p is odd, and by [18] when p “ 2.
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3.1.3. Gocha’s series and eigenvalues. — Thanks to Proposition 3.3, we can com-
pute gocha series. Then applying Formulae (2) and (3), we obtain an explicit equation
relating coefficients an and aχn. However, the computation of bn has complexity n (more
precisely it depends on tcmumďn).

If we consider roots of χeul, we infer a formula for bn which depends on the arithmetic
complexity of n. The following results are mostly adapted in our context from ideas of
Labute ([15, Formula p1q]) and Weigel ([27, Theorem D]).

Let degpGq be the degree of χeul, and λi the eigenvalues of G, written as:

χeulptq :“

degpGq
ź

i“1

p1 ´ λitq.

One denotes by Mn the necklace polynomial of degree n:

Mnptq :“
ÿ

m|n

µpn{mq
tm

n
.

Let us state [27, Theorem D]:

Theorem 3.7. — Assume pn, qq “ 1 and write n “ mpk, with pm, pq “ 1. Then we
infer:

anpZpq “

n
ÿ

i“1

Mnpλiq, anpFpq “

n
ÿ

i“1

k
ÿ

j“0

Mmpjpλiq.

Proof. — Weigel showed in the proof of [27, Theorem 3.4], that:
n

ÿ

i“1

Mnpλiq “ wn.

Then we conclude using Theorem 3.5 and Formula (2).

Let us adapt this result in an equivariant context. By a choice of a primitive q-th
root of unity, we have Fq Ă Fˆ

p Ă Fp, the algebraic closure of Fp. Consider δ a non-trivial
element in ∆, and evaluate χ˚

eul in δ by:

χ˚
eulpδqptq :“ 1 ´

ÿ

χ

cχ1χpδqt `
ÿ

χ;1ďjďrχ

χpδqtn
χ
j P Fprts Ă Fprts.

Define tλδ,ju1ďjďdegpGq Ă Fp the eigenvalues of χ˚
eulpδqptq. We introduce F p∆,Fpq the Fp-

algebra of functions from ∆ to Fp and:

ηj : ∆ Ñ Fp; δ ÞÑ λδ,j.

Therefore, we infer:

χ˚
eulptq :“

degpGq
ź

j“1

p1 ´ ηjtq P F p∆,Fpqrts.

Consequenlty, if we apply the log function to the previous equality, we obtain:

b˚
m :“

ÿ

χPIrrp∆q

bχmχ “
ηm1 ` ¨ ¨ ¨ ` ηmdegpGq

m
.
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Let us define for every η P F p∆,Fpq:

M˚
n pηq :“

ÿ

m|n

1

n
µpn{mqηm,pn{mq, where ηm,puq

pδq “ ηpδuq
m.

Proposition 3.8. — Let us assume q divides p ´ 1 and pn, qq “ 1. Write n “ mpk,
with pm, pq “ 1, then:

anpZpq˚ :“
ÿ

χ

aχnpZpqχ “

degpGq
ÿ

j“1

M˚
n pηjq, and

anpFpq˚ :“
ÿ

χ

aχnpFpqχ “

degpGq
ÿ

j“1

k
ÿ

i“0

M˚
mpipηjq,

the equality is in the Fp-algebra F p∆,Fpq.

Proof. — Let us remind that b˚
n :“

ř

χ b
χ
nχ. After making the following change of variable:

γ “ χn{m, we observe that for every δ in ∆, we have

b˚1,pn{mq
m pδq :“ b˚

mpδn{m
q “

ÿ

χ

bχmχpδn{m
q “

ÿ

χPIrrp∆q

bχmχpδqn{m
“

ÿ

γPIrrp∆q

bγ
m{n

m γpδq.

Consequently, b˚1,pn{mq
m “

ř

χ b
χm{n

m χ. Since mb˚
m “ ηm1 ` ¨ ¨ ¨ ` ηmdegpGq

, we obtain:

mb˚1,pm{nq
m “

`

ηm1 ` ¨ ¨ ¨ ` ηmdegpGq

˘pn{mq
“ η

m,pn{mq

1 ` ¨ ¨ ¨ ` η
m,pn{mq

degpGq
.

Using Formula (3), the conclusion follows.

Remark 3.9. — Filip ([6, Formula p4.8q]) and Stix ([25, Formula p14.16q]) also obtained
Proposition 3.8 for some groups defined by one quadratic relation. They computed ex-
plicitely the functions ηj.

Example 3.10. — Let us illustrate Proposition 3.8, with Example 1.
When splitting χ˚

eul into eigenvalues, we obtain:

χ˚
eulptq “ p1 ´ η1tqp1 ´ η2tq “ 1 ´ pχ0 ` χ2

0 ` χ3
0qt ` χ3

0t
3,

Moreover, η1η2 “ χ3
0 and η1 ` η2 “ χ0 ` χ2

0 ` χ3
0 (as functions). Therefore, if we apply

Proposition 3.8, we get:

a˚
2 :“

ÿ

χ

aχ2 “
η21 ` η22 ´ η

p2q

1 ´ η
p2q

2

2
“

pη1 ` η2q
2 ´ 2η1η2 ´ pη1 ` η2qp2q

2

“
χ2
0 ` χ4

0 ` χ6
0 ` 2χ3

0 ` 2χ4
0 ` 2χ5

0 ´ 2χ3
0 ´ χ2

0 ´ χ4
0 ´ χ6

0

2
“ χ4

0 ` χ5
0.

Let us now compute aχ3 . For this purpose, we first observe that

η31 ` η32 “ pχ0 ` χ2
0 ` χ3

0q
3

´ 3pχ0 ` χ2
0 ` χ3

0qχ3
0

“ χ9
0 ` 3χ8

0 ` 6χ7
0 ` 4χ6

0 ` 3χ5
0 ` χ3

0.

Therefore, we have:

a˚
3 :“

ÿ

χ

aχ3 “
η31 ` η32 ´ η

p3q

1 ´ η
p3q

2

3
“
η31 ` η32 ´ pη1 ` η2q

p3q

3
“ χ5

0 ` χ6
0 ` 2χ7

0 ` χ8
0.
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Let us conclude this subpart by proving Theorem B given in our introduction.

Theorem 3.11. — Assume that L pA, Gq is infinite dimensional and for some χ0

that Lχ0pGq is reached for a unique eigenvalue λχ0 such that:
(i) λχ0 is real,
(ii) Lχ0pGq “ λχ0 ą 1.

Then every eigenspace of L pA, Gq is infinite dimensional.

Proof. — We study the asymptotic behaviour of pbχ0,nqnPN. By Proposition 3.3, we have:

gochaχ0ptq :“
1

χeul,χ0ptq
.

Let us denote by tλ1; . . . ;λuu the real χ0-eigenvalues of G and tβ1e
i˘θ1 ; . . . ; βve

i˘θvu the
polar forms of non real χ0-eigenvalues of G. Without loss of generality, assume that λχ0 :“
λ1. Let us write

χeul,χ0ptq :“
u

ź

i“1

p1 ´ λitq
v

ź

j“1

p1 ´ βje
iθj tqp1 ´ βje

´iθj tq.

Then, we obtain:

logpχeul,χ0ptqq “
ÿ

nPN

řu
i“1 λ

n
i `

řv
j“1 β

n
j peinθj ` e´inθjq

n
tn.

Thus bχ0,n „
nÑ8

Cλn1{n, for some C ą 0. We conclude by Theorem 2.8.

3.2. Group Theoretical examples. —

3.2.1. Free pro-p groups. — In this subpart, assume that G is a free finitely generated
pro-p group. Observe that L pZp, Gq and Lχ0pZp, Gq are torsion-free.

Theorem 3.12. — Assume that G is a noncommutative free pro-p group, then every
eigenspace of L pA, Gq is infinite dimensional.

Proof. — Let us fix a non-trivial character χ0 P Irrp∆q, such that dχ0 ď dχ for every
non-trivial χ. Then we have χeul,χ0ptq :“ 1 ´

řq
i“1 d

χi0ti. Set s a minimal positive real
root of χeul,χ0 . We will show that s is the unique root of minimal absolute value of χeul,χ0 .

We have:

0 “ 1 ´

q
ÿ

i“1

dχ
i
0si ď 1 ´ dχ0s

q´2
ÿ

i“0

si ´ d1sq ď 1 ´ dχ0s ´ d1sq.

Then dχ0s ` d1sq ď 1. Thus s ď mint1{dχ0 ; p1{d1q1{qu, so 0 ă s ă 1.
If we denote by z a complex root (not in s0; 1r) of χeul,χ0 , then we notice by the

triangle inequality, that χeul,χ0p|z|q ă χeul,χ0pzq “ 0. Therefore |z| ą s.
Consequently, χeul,χ0 admits a unique root s of minimal absolute value which is

in s0; 1r. Therefore, by Theorem B, we conclude.

Let us give some examples.
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Example 3.13. — Consider ∆ :“ Z{2Z, and fix χ0 the non-trivial irreducible character
of ∆ over A. Assume that G is a free pro-p group with two generators tx, yu, and ∆
acts on G by: δpxq “ x, δpyq “ y´1. Then following our notations, we have: x “ x1,
and y “ xχ0 . Observe that AlpA, Gq is a free algebra on two variables over A.
Let us first compute some coefficients aχn, with Formula (3). We have:

gocha˚
pA, tq :“

1

1 ´ p1 ` χ0q.t
, and logpgocha˚

pA, tqq :“
ÿ

n

p1 ` χ0qn

n
tn.

So
c12n “ cχ0

2n “ 22n´1, cχ0

2n`1 “ c12n`1 “ 22n,

bχ0

2n`1 “ bχ0

2n`1 “
22n

2n ` 1
, and b12n “ bχ0

2n “
22n´1

2n
.

Assume for instance p ‰ 3, then one obtains:

aχ0

3 “
22 ´ 1

3
“ 1, and a13 “ 1.

Observe by Theorem 3.12, that every eigenspace of L pA, Gq is infinite.

Example 3.14. — Again, take ∆ :“ Z{2Z and χ0 the unique non-trivial A-irreducible
character of ∆. Assume G is free generated by txχ0

1 ; . . . ;xχ0

d u.
First, we compute some coefficients of pcχnqn and paχnqn. Observe:

gocha˚
pA, tq :“

1

1 ´ dχ0t
, and gochaχ0pA, tq :“

1

1 ´ dt
.

Then c12n “ d2n, cχ0

2n “ 0, cχ0

2n`1 “ d2n`1, and c12n`1 “ 0.
Moreover,

logpgocha˚
pA, tqq :“

ÿ

n

pdχ0q
n

n
tn, logpgochaχ0pA, tqq :“

ÿ

nPN

dn

n
tn.

So, bχ0

2n`1 :“ d2n`1{p2n ` 1q, bχ0

2n “ 0, b12n “ d2n{p2nq, and b12n`1 “ 0.
For instance, if we apply Formula (3), one obtains when p ‰ 3:

aχ0

3 “
d3 ´ d

3
, and a13 “ 0.

If we apply Proposition 3.8, we obtain:

aχ0

2 “ 0, and a12 “
d2 ´ d

2
.

Observe that cχ0,n “ dn and bχ0,n :“ dn{n. Theorem 3.12, allows us to check that
every eigenspace of L pA, Gq is indeed infinite dimensional.

3.2.2. Non-free case. — Let us now construct some non-free examples that illustrate
Theorem B. For this purpose, consider ∆ a subgroup of AutpF q. We construct here a
finitely presented pro-p quotient G of F , such that ∆ induces a subgroup of AutpGq.

We remind that F is the free pro-p group generated by txχj uχPIrrp∆q;1ďjďdχ and de-
fine F the free abstract group generated by the family txχj uχ;j. Assume also that the
action of ∆ is diagonal over txχj u, i.e. for all δ in ∆, δpxχj q “ pxχj qχpδq.
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Definition 3.15 (Comm-family). — The family pljqjPrr1;rss Ă F is said to be a comm-
family if:

lj :“

ηj
ź

l“1

u
αj,γl
j,γl

P F,

where γl and αj,γl are integers, and uj,γl is a γl-th commutator on txχj uχ;j, i.e. uj,γl :“
rx1; . . . ;xγls where xi P txχj uχ;j.

Proposition 3.16. — Let pljqjPrr1;rss be a comm-family, and denote by R its normal
(topological) closure in F . Then for all δ in ∆, δpRq “ R thus ∆ induces a subgroup
of AutpF {Rq.

Proof. — First of all, if u and v are elements in F , we write uv :“ v´1uv.
Assume rx; ys P R, where x and y are elements in txχj uχ;j. Observe the following identity:

1 “ rx; yy´1
s “ rx; y´1

srx; ys
y´1

.

Therefore rx; y´1s is in R. Remark also for all integers a:

rx; yas “ rx; ya´1
srx; ys

ya´1

.

Thus by induction, we see that for all a P Z, the commutator rx; yas is in R.
Finally, for all integers b, we also have:

rxb; ys “ rx; ys
xb´1

rxb´1; ys.

We conclude as before that rxb; ys P R, for all integers b.
Then δpRq “ R, for every δ P ∆.

Example 3.17. — Here assume q is an odd prime that divides p ´ 1. Take F a free
pro-p group with three generators: txχ0

1 , x
χ2
0

1 , x
χ3
0

1 u. Assume also that ∆ acts diagonally
on the previous set.

Consider R the closed normal subgroup of F generated by commutators l1 :“

rxχ0

1 ;x
χ2
0

1 s and l2 :“ rxχ0

1 ;x
χ3
0

1 s. By Proposition 3.16, the group ∆ induces a subgroup
of AutpGq. Since G is mild (see for instance [7]), we have cdpGq “ 2 and:

gochaχ0pFp, tq “
1

χeul,χ0pFp, tq
“

1

1 ´ t ´ t2 ` t4
.

Thus by Theorem B, we conclude that every eigenspace of L pFp, Gq is infinite dimen-
sional.

3.3. FAB quadratic mild examples. — Let K be a quadratic imaginary extension
over Q, with class number coprime to p. Denote by S :“ tp1; . . . ; pdu a finite set of tame
places of K, i.e. for p P S, NK{Qppq ” 1 pmod pq, and assume that S is stable by ∆.
We define KS the p-maximal unramified extension of K outside S. Set G :“ GalpKS{Kq

and ∆ :“ GalpK{Qq. Again, fix χ0 the non-trivial character of ∆ over Fp. The group ∆
acts on G, and thanks to Class Field Theory, the group G has the FAB property: every
open subgroup has finite abelianization.

Write Up for the unit group of the completion of K at the place p P S. We define the
elementXp P E1pFp, Gq as the image, given by Class Field Theory, of a generator of Up{U

p
p .

Then (see for instance [23, Theorem 2.6]), the set tXpupPS is a basis of E1pFp, Gq.
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Denote by xp an element in G that lifts Xp. We introduce F , the free pro-p group
generated by xp. Koch [13, Chapter 11] gave a presentation of G, with generators txpupPS

and relations tlpupPS verifying:

lpi ”
ź

j‰i

rxpi , xpj s
ajpiq

pmod F3pFpqq, where ajpiq P Z{pZ.

The element ajpiq is zero if and only if the prime pi splits in kp
tpju

{k, where kp
tpu

is the
(unique) cyclic extension of degree p of k unramified outside p. This is equivalent to

p
ppj´1q{p
i ” 1 pmod pjq,

where pi is a prime in Q below pi.
From now, we assume that this presentation is mild and quadratic (the relations

are all of weight 2), which means that we have the following isomorphisms of Fpr∆s-
modules:

E1pFpq “

d
à

i“1

XpiFp, and RpFpq »

d
à

i“1

˜

ÿ

j‰i

ajpiqrXpj ;Xpis

¸

Fp.

Denote by i (resp. s), the number of inert or totally ramified (resp. totally split) primes
below S in Q, then d “ r “ |S| :“ i ` 2s. Recall that for every χ:

dχ :“ dimFp E1pFpqrχs, and rχ :“ dimFp RpFpqrχs.

By [9, Theorem 1] and Class Field Theory, we obtain:

d1 “ i ` s presp. r1 “ i ` sq and dχ0 “ s presp. rχ0 “ sq.

Proposition 3.18. — We have the following equalities of series:

gocha˚
pFp, tq :“

1

1 ´ pi ` s ` sχ0qt ` pi ` s ` sχ0qt2
,

gochaχ0pFp, tq :“
1

1 ´ st ´ it2 ` ps ` iqt4
.

Consequently, the action of ∆ on G is not trivial if and only if at least one place above S
in Q totally splits in K.

Proof. — Here, the relations have all weight 2, so:

χ˚
eulptq :“ 1 ´ pd1 ` dχ0χ0qt ` pr1 ` rχ0χ0qt

2
“ 1 ´ pi ` s ` sχ0qt ` pi ` s ` sχ0qt

2.

Since the presentation is mild, we conclude using Proposition 3.3.

Remark 3.19. — Before giving examples, let us add some complements.
– The Fpr∆s-module structure of E1pFpq (or RpFpq) gives us the integers i and s.
– If every place p above S is inert or totally ramified in K, then GalpQS{Qq and G :“
GalpKS{Kq admit the same number of generators. Then Gras [9, Theorem 1], showed
that GalpQS{Qq and G are isomorphic, so the action of ∆ over G is trivial.

– Assume now that all places in Q below a set of primes S are totally split in K.
If GalpQS{Qq is mild, Rougnant in [23, Théorème 0.3] gave a criterion to also
obtain GalpKS{Kq mild.

Example 3.20. — We give explicit arithmetic examples where G is mild and defined by
quadratic relations:
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1. We study the following example given by [26, Example 3.2]: let p “ 3, K :“ Qpiq,
and consider the set of primes: S :“ tq1 :“ 229, q2 :“ 241u. These primes totally
split in K. and the places above S (in K) are given by:

S :“ tp1 :“ p2 ` 15iq, p1 :“ p2 ´ 15iq, p2 :“ p4 ` 15iq, p2 :“ p4 ´ 15iqu.

The group G :“ GalpKS{Kq is mild quadratic. Then by Proposition 3.18:

gocha˚
pFp, tq “

1

1 ´ p2 ` 2χ0qt ` p2 ` 2χ0qt2
, and gochaχ0pFp, tq “

1

1 ´ 2t ` 2t4
.

However, the polynomial 1´2t`2t4 admits only non real roots, so we can not apply
Theorem B.

Observe by [13, Example 11.15], that the group GalpQS{Qq is finite.
2. [23, Part 6]: Take p “ 3, K :“ Qp

?
´5q, and S :“ t61; 223; 229; 481u. The Class

group of K is Z{2Z, the primes in S are totally split in K, and the groups GalpQS{Qq

and G :“ GalpKS{Kq are both mild quadratic. Therefore, by Proposition 3.18, we
obtain:

gocha˚
pFp, tq “

1

1 ´ p4 ` 4χ0qt ` 4χ0t2
and gochaχ0pFp, tq “

1

1 ´ 4t ` 4t4
.

By Theorem B, the graded spaces L pFp, Gqrχ0s and L pFp, Gqr1s are both infinite
dimensional.

3. We enrich the example given in [11, Part 2.1]: Consider p “ 3, K :“ Qp
?

´163q,
and T :“ t31, 19, 13, 337, 7u. The class group of K is trivial, GalpQT {Qq is mild, and
the primes in T are inert in K. Therefore by [9, Theorem 1], the group GalpKT {Kq

is mild (in fact, it has the same linking coefficients as GalpQT {Qq).
Observe that 43 is totally split in K, so we take tp6, p6u to be the primes in K

above 43. Consider now S :“ T Y tp6; p6u. By [26, Corollary 4.3], the group G :“
GalpKS{Kq is mild quadratic. Proposition 3.18 gives us

gocha˚
pFp, tq :“

1

1 ´ p6 ` χ0qt ` p6 ` χ0qt2
, and gochaχ0pFp, tq :“

1

1 ´ t ´ 5t2 ` 6t4
.

Therefore, by Theorem B, the graded spaces L pFp, Gqr1s and L pFp, Gqrχ0s are
infinite dimensional.

Remark on lower p-central series and mild groups

Assume here that G is a finitely presented pro-p group, and q divides p ´ 1. We
define the lower p-central series of G by:

Gt1u :“ G, and Gtn`1u :“ Gp
tnu

rGtnu;Gs.

Remark that
À

nPNpGtnu{Gtn`1uq is an Fprtsr∆s-module, where Fprts is the ring of poly-
nomials over Fp.

Furthermore, if we assume G mild (see [17, Definition 1.1]), Labute showed in [17,
Part 4], that the lower p-central series come from the filtered algebra defined by AlpZp, Gq

endowed with the filtration induced by tAltnupGq :“ kerpAlpZp, Gq Ñ FpqnunPN. Addi-
tionally, the set

À

nPNpGtnu{Gtn`1uq is a free Fprts-module. Since G is finitely generated,
we introduce:

aχ
tnu

:“ rankFppGtnu{Gtn`1uqrχs, and cχ
tnu

:“ rankFppAltnupGq{Altn`1upGqqrχs.
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If we replace anpZpq (resp. cnpZpq) by atnu (resp. ctnu), then the results of this paper
can be adapted for lower p-central series. Moreover, extending [17, Corollary 2.7] in an
equivariant context, we can deduce a relation between the coefficients cχn and aχ

tnu
.
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